The critical phenomena of dilaton black holes are probed from a totally different perspective other than the P-v criticality and the q-U criticality discussed in former literature. We investigate not only the two point correlation function but also the entanglement entropy of dilaton black holes. For both the two point correlation function and the entanglement entropy we consider 4 × 2 × 2 = 16 cases due to different choices of parameters. The van der Waals-like behavior can be clearly witnessed from all the T -δL (T -δS) graphs for q < q c . Moreover, the effects of dilaton gravity and the spacetime dimensionality on the phase structure of dilaton black holes are disclosed. Furthermore, we discuss the stability of dilaton black holes by applying the analogous specific heat definition and remove the unstable branch by introducing a bar T = T * . It is shown that the first order phase transition temperature T * is affected by both α and n. The analogous equal area laws for both the T -δL graph and the T -δS graph are examined numerically. The relative errors for all cases are small enough so that we can safely conclude that the analogous equal area laws hold for T -δL (T -δS) graph of dilaton black holes.
Introduction
Recently Johnson disclosed intriguing properties of entanglement entropy [1] . It was shown that the isocharges in the entanglement entropy-temperature plane and those of the entropy-temperature plane not only enjoy similar behavior but also share the same critical temperature and critical exponents [1] . Moreover, Ref. [2] proved that the equal area law which in former literature [3] was shown to hold for the T -S curve, also holds for the entanglement entropy-temperature plane. Reference [4] further showed that other nonlocal observable, such as the two point correlation function, also display similar behavior as the entanglement entropy. The a e-mail: mojiexiong@gmail.com research topic initiated by Johnson is receiving more and more attention [5] [6] [7] [8] [9] [10] [11] [12] .
In this paper we would like to generalize the above topic to dilaton black holes in order to probe whether these phenomena are universal. On the other hand, our probe may be served as an alternative perspective to observe the critical phenomena of dilaton black holes and would help to deepen the understanding of these phenomena. Investigating the properties of black holes in dilaton gravity is of interest in itself. The dilaton field appears in the low energy limit of string theory and has significant impact on both the casual structure and thermodynamics of black holes. The action of dilaton gravity contains one or more Liouville-type potentials. These potentials are resulted by the breaking of spacetime supersymmetry in ten dimensions. Both the black hole solutions in dilaton gravity and their thermodynamics have attracted considerable attention .
The paper is organized as follows. Section 2 is devoted to a brief review of thermodynamics of dilaton black holes. In Sect. 3 their two point correlation functions are studied numerically. We will carry out a numerical check of the equal area law in Sect. 4 . Furthermore, we will investigate their entanglement entropy numerically in Sect. 5 and check the corresponding equal area law in Sect. 6. The last section contains conclusions.
A brief review of thermodynamics of dilaton black holes
The (n + 1)-dimensional Einstein-Maxwell-dilaton action was reviewed in Ref. [35] as where is the dilaton field with its potential denoted as V ( ). R is the Ricci scalar curvature and F μν = ∂ μ A ν − ∂ ν A μ is the electromagnetic field tensor. The strength of coupling between the electromagnetic field and the scalar field is characterized by α.
The corresponding solution was reviewed in Ref. [35] as
where
k is a constant characterizing the hypersurface d 2
whose volume is denoted as ω n−1 . k respectively can be taken as −1, 0, 1, corresponding to the hyperbolic, flat and spherical constant curvature hypersurface. γ is related to α by γ = α 2 /(α 2 + 1). b is an arbitrary constant while l is the AdS length scale. q and m are constants related to the charge Q and the mass M of the black hole as follows:
Based on both the fact that the term including m should vanish at spatial infinity and the fact that the electric potential A t should be finite at infinity, Ref. [43] obtained the restrictions on α for dilaton black holes coupled with power-law Maxwell field as follows:
In this paper we consider the dilaton black holes coupled with a standard Maxwell field, corresponding to the case p = 1. So the above restriction is reduced to 0 ≤ α 2 < n − 2. The Hawking temperature and the entropy have been derived as [35] 
where the relation = −n(n − 1)/2l 2 holds for (n + 1)-dimensional AdS black holes.
Furthermore, Ref. [35] investigated the P-v criticality of dilaton black holes when Q was treated as an invariant parameter and the q-U criticality (U denotes the electric potential) when l was treated as an invariant parameter. Both cases were shown to exhibit van der Waals-like behavior [35] . In the rest of this paper we will further probe the critical phenomena of dilaton black holes from a totally different perspective. Namely, the two point correlation function and the entanglement entropy. the equal time two point correlation function in the large limit ( denotes the conformal dimension of scalar operator O in the dual field theory) takes the following form [50] :
The proper length can be obtained by parameterizing the trajectory with θ
where r = dr/dθ . Note that the boundary points have been chosen as (φ = 
the equation of motion for r (θ ) can be derived. Solving the equation of motion constrained by the boundary condition
To avoid the divergence, the geodesic length L 0 in pure AdS with the same boundary region should be subtracted from the geodesic length L, with the regularized geodesic length denoted as δL. Note that L 0 can also be obtained through numerical treatment. In order to investigate the effect of dilaton gravity on the phase structure of the two point correlation function, we focus on the cases where α respectively is chosen to be 0, 0.25, 0.5, 0.75. Note that we have considered the restriction 0 ≤ α 2 < n − 2 mentioned in the former section.
On the other hand, n respectively is chosen as 3, 4 in order to study the possible effect of spacetime dimensionality. Moreover, we choose θ 0 = 0.2, 0.3 to check whether different boundary region sizes exert influence on the phase structure as has been shown in former literature [4] . In this paper the cutoff θ c accordingly will be chosen as 0.199, 0.299 and the AdS radius l will be set to be one. To summarize, we consider 4 × 2 × 2 = 16 cases due to different choices of parameters. In each case we concentrate on the case q < q c (q c denotes the critical value of the parameter q) to probe the possible van der Waals behavior in the T -δL graphs. From all the T -δL graphs for q < q c , the van der Waalslike behavior can be clearly witnessed. There exist both the local maximum temperature and the local minimum temperature, which we respectively denote as T max and T min . As shown in Figs. 1, 2, 3 and 4, the effects of dilaton gravity are reflected in two ways. First, as the increasing of the parameter α, T max and T min both increase. Secondly, the corresponding δL also increases when α increases. This phenomenon is more apparent for large α. Comparing Fig. 1 with 2 , one may find that the case n = 4 has higher T max and T min than the case n = 3. This can also be witnessed by comparing Fig. 3 with 4 . On the other hand, the effect of the boundary region size is quite apparent in the range of the δL axis when one compares Fig. 1 with 3 
Numerical check of equal area law in T -δ L graph
According to the analogous specific heat for T -δL graph introduced in Ref. [4] 
The T -δL graph for q < q c can be divided into three branches. Namely the stable large radius branch with pos- Table 2 Numerical check of equal area law in T -δL graph for n = 4, Table 3 Numerical check of equal area law in T -δL graph for n = 3, Table 4 Numerical check of equal area law in T -δL graph for n = 4, itive specific heat, the unstable medium radius branch with negative specific heat and the stable small radius branch with positive specific heat. This phenomenon is quite similar to that of the T -S graph and the P-v graph of dilaton black holes.
The unstable branch in the T -δL curve with a bar T = T * vertical to the temperature axis can be removed by mimicking the approach of the T -S graph [3] . Note that T * should be interpreted physically as the first order phase transition temperature and can be determined utilizing the free energy analysis. The analogous equal area law for the T -δL graph reads
where δL 1 , δL 2 , δL 3 are three values of δL corresponding to T * . Here we have assumed δL 1 < δL 2 < δL 3 . If it can be proven that the LHS of Eq. (15) equals its RHS the conclusion can be drawn that the analogous equal area law holds for the T -δL graph of dilaton black holes. Before we carry out the examination, it is urgent to study the behavior of the free energy first. Utilizing Eqs. (4), (6), (9) and (10), the free energy of dilaton black holes can be derived,
with the F-T graphs depicted in Figs. 5 and 6 for different choices of parameters. The familiar swallow tail behavior can be observed in all the F-T graphs and T * can be obtained from the intersection point of two branches in the graphs. Comparing these graphs, one may conclude that the first order phase transition temperature T * is affected by both α and n. When α increases, T * increases. When n increases, T * increases too. With T * at hand the left-hand side and right-hand side of Eq. (15) can be calculated for different cases. As can be seen from Tables 1, 2 , 3 and 4, the relative errors for all the cases are small enough and we can safely conclude that the analogous equal area law holds for the T -δL graph of dilaton black holes. 
Entanglement entropy of dilaton black holes and its van der Waals like behavior
Beside the two point correlation function, entanglement entropy serves as another nonlocal observable to probe the holographic properties of black holes. The entanglement entropy can be expressed holographically in terms of the area of a minimal surface anchored on ∂ A as [51, 52] 
where is the codimension-2 minimal surface with boundary condition ∂ = ∂ A and G N is the Newton constant.
As argued in Ref. [2] , dealing with the phase transition between connected and disconnected minimal surfaces can be avoided by avoiding large entangling regions. Taking this into consideration, we choose the region to be a spherical cap on the boundary delimited by θ ≤ θ 0 .
Parametrizing the minimal surface by the function r (θ ), the holographic entanglement entropy can be obtained:
where r = dr/dθ . From the above equation, the following can be obtained:
Substituting To avoid the divergence the holographic entanglement entropy should be regularized by subtracting the entanglement entropy S 0 (S 0 can also be obtained through numerical treatment) in pure AdS with the same boundary region. We denote the regularized entanglement entropy as δS and in the following discussions mainly deal with the behavior of the T -δS graph.
As in Sect. 3 we will consider 4 × 2 × 2 = 16 cases due to different choices of parameters. For the sake of clarity, we repeat the choices here. α is respectively chosen as 0, 0.25, 0.5, 0.75 in order to investigate the effect of dilaton gravity on the phase structure of holographic entanglement entropy while n respectively is chosen as 3, 4 in order to probe the effect of spacetime dimensionality. θ 0 , respectively, is chosen as 0.2, 0.3 in order to study the effect of different boundary region sizes. Accordingly, the cutoff θ c will also be chosen as 0.199, 0.299. In each case we focus on the case q < q c to probe the possible van der Waals behavior.
We plot the cases in which n = 3, θ 0 = 0.2 in Fig. 7a -d and the cases in which n = 4, θ 0 = 0.2 in Fig. 8a, b . The cases in which n = 3, θ 0 = 0.3 are displayed in Fig. 9a , b while the cases in which n = 4, θ 0 = 0.3 are depicted in Fig.  10a-d .
The van der Waals like behavior can be clearly witnessed from all the T -δS graphs for q < q c . As seen in the T -δL graphs presented in Sect. 3, there also exists both a local maximum temperature and a local minimum temperature in all the T -δS graphs. As depicted in Figs. 7, 8, 9 and 10, not only T max and T min but also the corresponding δS increases as the parameter α is increasing, showing the impact of dilaton gravity. Comparing Fig. 7 with 8 , or comparing Fig. 9 with 10, it is not difficult to observe that the cases n = 4 have higher T max and T min than the cases n = 3. Moreover, the 
Numerical check of equal area law in T -δ S graph
The analogous specific heat for T -δS graph has been defined in the literature [4] as
Based on the above definition each T -δS graph for q < q c can be divided into three branches. Namely, the stable large radius branch with positive specific heat, the unstable medium radius branch with negative specific heat and the stable small radius branch with positive specific heat. This phenomenon is quite similar to that of the T -S graph and P-v graph of dilaton black holes. It is also similar to that of the T -δL graph discussed in Sect. 3. Taking a similar treatment the unstable branch in the T -δS curve with a bar T = T * vertical to the temperature axis can be removed. The analogous equal area law for the T -δS graph can be written
where δS 1 , δS 2 , δS 3 are three values of δS corresponding to T * with the assumption that δS 1 < δS 2 < δS 3 . The left-hand side and right-hand side of Eq. (21) are calculated for different cases and the results are listed in Tables  5, 6 , 7 and 8, from which it is clearly seen that the relative errors for all the cases are amazingly small. So we can safely draw the conclusion that the analogous equal area law Eq. Table 5 Numerical check of equal area law in T -δS graph for n = 3, Table 6 Numerical check of equal area law in T -δS graph for n = 4, Table 7 Numerical check of equal area law in T -δS graph for n = 3, Table 8 Numerical check of equal area law in T -δS graph for n = 4, 
Conclusions
In this paper we probe the critical phenomena of dilaton black holes from a perspective totally different from the P-v criticality and the q-U criticality discussed in the literature [35] .
On the one hand we study the two point correlation function of dilaton black holes. Considering the points (t 0 , x i ) and (t 0 , x j ) on the boundary the equal time two point correlation function can be written in the large limit and the proper length can be obtained by parameterizing the trajectory with θ . Applying the Euler-Lagrange equation the equation of motion can be derived for r (θ ). Solving this equation constrained by the boundary condition r (0) = r 0 , r (0) = 0, we obtain r (θ ) via numerical methods. To avoid the divergence, we regularize the geodesic length by subtracting the geodesic length L 0 in the pure AdS case with the same boundary region.
On the other hand, we investigate the entanglement entropy of dilaton black holes which can be expressed holographically in terms of the area of a minimal surface anchored on ∂ A with boundary condition ∂ = ∂ A. We choose the region to be a spherical cap on the boundary delimited by θ ≤ θ 0 and obtain the holographic entanglement entropy through parametrizing the minimal surface by r (θ ), utilizing the Euler-Lagrange equation again, we derive the equation for r (θ ). Solving the equation constrained by the boundary condition numerically, we obtain r (θ ). For a similar consideration, we regularize the entanglement entropy by subtracting the entanglement entropy S 0 in pure AdS with the same boundary region.
For both the two point correlation function and the entanglement entropy, we consider 4 × 2 × 2 = 16 cases due to different choices of parameters. Namely, α, respectively, is chosen as 0, 0.25, 0.5, 0.75 in order to probe the effect of dilaton gravity on the phase structure, while n respectively is chosen as 3, 4 in order to study the impact of spacetime dimensionality. θ 0 , respectively, is chosen as 0.2, 0.3 in order to check the effect of different boundary region sizes. The behavior of the T -δL graphs is quite similar to that of the T -δS graphs. First, the van der Waals like behavior can be clearly witnessed from all the T -δL (T -δS) graphs for q < q c . Second, there exist both the local maximum temperature and the local minimum temperature. Third, not only T max and T min but also the corresponding δL (δS) increase as the parameter α is increasing, showing the impact of dilaton gravity. This phenomenon is more apparent for large α. Fourth, T max and T min of the cases n = 4 is higher than that of the cases n = 3. Finally, the effect of the boundary region size is quite apparent in the range of δL (δS) axis.
Furthermore, we discuss the stability of dilaton black holes by introducing the analogous specific heat for T -δL graph and T -δS graph accordingly. All these graphs can be divided into three branches. Namely, the stable large radius branch with positive specific heat, the unstable medium radius branch with negative specific heat and the stable small radius branch with positive specific heat. This phenomenon is quite similar to that of the T -S graph and the P-v graph of dilaton black holes in the former research. To remove the unstable branch, we introduce a bar T = T * vertical to the temperature axis. T * should be interpreted physically as the first order phase transition temperature and can be determined utilizing the free energy analysis. It is shown that the first order phase transition temperature T * is affected by both α and n. When α increases, T * increases. When n increases, T * increases too. We also examine the analogous equal area law for both the T -δL graph and the T -δS graph. The relative errors for all the cases are small enough that we can safely conclude that the analogous equal area law holds for the T -δL (T -δS) graph of dilaton black holes.
